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ABSTRACT 

We consider a bosonic string propagating in 4-dim Minkowski space. We show 
that in the orthonormal gauge the classical system exhibits a hidden Woo chi- 
ral symmetry, arising from the equivalence of its transverse modes with the 
SU{2) /U{1) coset model defined on the string world-sheet. Generalizations 
to other string backgrounds are proposed. We also define a Liouville-like 
transformation that maps solutions of the SU{2)/U{1) coset model into the 
solution space of two decoupled Liouville theories. Inverting this transforma- 
tion, however, remains an open problem. 
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Searching for hidden symmetries in string theory is a challenge that has not been met 
successfully yet. The main difficulty is that there is no systematic way to approach this 
problem from first principles. In this paper we propose a geometrical method that has 
the ambition to associate an integrable system of non-linear differential equations to a 
given string background. Then, the conservation laws of this integrable system can be 
used to construct an infinite set of symmetries for the corresponding string model, at 
least classically. 

The main idea comes from an old work by Lund and Regge on the relativistic theory of 
vortices in superfluids [1] . Using their geometric framework, we examine at the classical 
level the presence of infinite symmetries in simple string models. Specializing to the 
case of a free bosonic string propagating in 4-dim Minkowski space, we find that in the 
orthonormal gauge the system exhibits a Woo symmetry, one for the left movers and one 
for the right movers. The origin of this symmetry, which is non-intuitive from the string 
point of view, is rather simple to understand within the Lund-Regge formalism. There 
is an embedding problem in geometry associated with the evolution of this string, for 
which the dynamics of the metric g and the extrinsic curvature K is determined entirely 
by the classical equations of motion of the SU{2)/U{1) 2-dim coset model defined on the 
string world-sheet. Consequently, the W^o symmetry of the latter is also a symmetry of 
the 4-dim Nambu-Goto string, realized on the data {g, K). 

Although this result is rather specific to the bosonic string propagating in 4-dim 
Minkowski space, it can be generalized to higher dimensions. Also, it can be generalized to 
include strings with self-interactions. In a separate publication we consider the example 
of a Nambu-Goto string in 4-dim Minkowski space with Kalb-Ramond self-interaction 
of vortex type. This model, which is actually the main subject of the Lund-Regge theory, 
corresponds to an integrable system obtained by perturbation of the SU{2)/U{1) coset 
model with the first thermal operator of Zjv parafcrmions in the large N limit [2]. 

We believe that appropriate generalization of the Lund-Regge formalism to a large 
variety of string backgrounds will produce further relations between the geometry of string 
dynamics and that of 2-dim integrable systems living on the string world-sheet. Inclusion 
of black-hole backgrounds with Minkowski signature is also an interesting problem in 
this context. Then, duality symmetries between different string backgrounds might find 
a natural interpretation in the theory of integrable systems. These are problems left for 
future work, while testing the limitations of our program in search of hidden symmetries 
in string theory. 

We consider the Nambu-Goto string propagating in 4-dim Minkowski space with 
string variables X^((T, r), = 0, 1, 2, 3 and signature — h ++. The classical equations 
of motion in the orthonormal gauge and in the Lorentz frame Xq — t are (see for instance 



[3]) 



- d,'')Xi = , 



i = 2, 3, 




subject to the constraints 



{d^Xif + {drXif = 1 , {d,Xi){drXi) = 0. 



(2) 
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The results we describe in the sequel turn out to be independent of the choice of Lorentz 
frame in the {a, r) space, as we will see later. 

The starting point of the Lund-Regge formahsm is the projection of the string world- 
sheet S, parametrized by (cr, r), on the Xq = r hyperplane. The resulting 2-dim surface 
S has Euclidean signature with metric given by 



(3) 



Clearly, it is sufficient to consider S to know Xi for Xq — r. To satisfy the first constraint 
(2) we introduce an angle 9 such that 



{d^Xif = cos^e , {drXif = sin^e. 



(4) 



Then, for Xq = r, the evolution of the string is equivalent to the embedding of the 2-dim 
surface S in 3-dim Euclidean space, provided that eq.(l) is also satisfied. 

The formulation of an embedding problem requires apart from the metric g, (3), 
knowledge of the extrinsic curvature tensor K. Its components are defined to be 



,(3) 



(3) 



where Z^^) = Z(^) x Z^^) with 



zy 



cos9 



(2) 



sin9 



(5) 



(6) 



In terms of these variables, the classical equations of motion (1) are equivalently stated 
as 

K,, - = 0. (7) 

Consider now the Gauss- Weingarten conditions for the embedding of a 2-dim surface 
S with data {g, K) in 3-dim Euclidean space (see for instance [4]). For this to be at all 
possible, the following linear system of equations must be compatible 



( z^^) \ 



^(2) 



/ 







Kerr/ sinO 



\ j \ -K„Jcosd -K^r/sinO j \ Z^^) j 



(8) 



dr 



I Z(i) \ 



/ 



Krr/sine 



V J \ -K^Jcose -Krr/sine /V ^^^^ / 



(9) 
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The resulting zero curvature condition yields a non-linear system of second order 
differential equations, known as Gauss-Codazzi equations. It is convenient to introduce 
at this point light-cone variables {z, z) for the string, so that d = d^^ + Ot, d = d^j — d-,-. 
We also introduce complex variables u{z, z), u{z, z) so that 



cos^9 — \ u f , siv^O — 1 — \ uf' (10) 

and 



udu — udu 

K^^ + K^r^ I , ^ , (11) 

2 I -u I \ 1 — I M ' 



udu — udu , , 

-K,r^ I 1 ^ . (12) 

2 \u\\l— \u\ 



This parametrization of the {g,K) data (8), (9) is compatible with the zero curvature 
condition we have, provided that eq.(7) is satisfied. Then, the resulting equations are 

dBu + ^^ = Q, (13) 
1 — I It I 

ddu+ "^*, ^0. (14) 
1 — \ u \ 

It is straightforward to realize that in the present framework the classical equations 
of motion of the Nambu-Goto string in 4-dim Minkowski space, in the Lorentz frame 
Xq = T, are equivalent to those of the 2-dim coset model 

s = f -^^^(dudu + dudu), (15) 

J 1 — \ u \ 

defined on the string world-sheet S, with \ u \^ < 1. This is precisely the action that 
arises classically in the Lagrangian description of the SU{2)/U{1) coset model (defined 
on 2-dim Minkowski space) and exhibits curvature singularities at the rim \ u^ — 1; 
its topology is not that of a round sphere, but of two bells touching each other at the 
rim [5, 6]. Gonscqucntly, we may regard the transverse modes of the 4-dim free bosonic 
string and the SU{2)/U{1) coset model on S as being classically equivalent, after having 
solved the constraints (2). The projection S* of S into the 3-dim Euclidean space was an 
auxiliary geometrical problem that helped us arrive at this result. 

A natural question that arises at this point is whether the equivalence we have between 
the two theories depends on the special frame Xq = t oi it is more general for projections 
of the string world-sheet on 3-dim slices related to each other by Lorentz transformations 
in (cT, r). As has been pointed out in [1], the result is independent of the Lorentz frame 
where the projection is performed. The reason is that choosing a frame other than 
Xq — T, say Xq — f, where 

f = sinha a + cosha r , a — cosha a + sinha r, (16) 
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also amounts to an embedding problem, but this effectively introduces a spectral param- 
eter in the problem (better seen in the spin-1/2 representation of the Gauss- Weingarten 
conditions) that depends on the Lorentz transformation (16) into the new frame. Since 
the non-linear equations that follow from the zero curvature condition are independent of 
the spectral parameter (as is the case for all integrable systems), the equivalence between 
the two theories we obtain is independent of the Lorentz frame as well. 

The solution of the Gauss-Weingarten system provides us with the normal and tan- 
gent unit vectors to the surface S, thus actually constructing it. When a spectral param- 
eter is introduced, we obtain a family of Euclidean surfaces S depending on it. However, 
they all correspond to the same string world-sheet E projected in different 3-slices. Hav- 
ing presented the essential ingredients of the Lund-Regge formalism applicable to our 
string background, we discuss next the infinite many symmetries of the SU{2)/U{1) coset 
model and their realization on the {g, K) data for string propagation. In a sense, the 
field variables 'il)± we adopt in the sequel provide us with a parafermionic construction of 
S. 

We first note that the classical equations of motion of the coset model (15) can be 
also expressed as a zero curvature condition for the following linear system 



9$ = 



/ V'+ \ 



(17) 



u 



1/2 



u 



u 



u 



(18) 



'i-ImI vi -iMr + i/2 ) 

This should be regarded as an alternative formulation of the spin-1/2 representation of 
the Gauss-Weingarten conditions (8), (9). The variables 'il)± in eqs.(17), (18) are taken 
to be 

du , du 



+ 



V. 



u 



where 



V± = exp I ± 



dz 



+ ) 



udu 



u 



udu udu 
— o dz- 



udu 1 



(19) 



(20) 



y 2 J 1 — \ uy 1 — \ u 

This way, we have naturally introduced the parafermions '0i = '0+ and ■^i^ = of the 
SU{2)/U{1) coset model [5] by considering the zero curvature formulation of its classical 
equations of motion. The parafermion currents are chirally conserved on-shell, i.e.. 



dip+ = = dip- 



(21) 



We also note for completeness that the off-diagonal matrix elements in eq.(18) can be 
written as 1 — \ u^ V-^ — J dz{l—2\ u |^)'0+ a-nd u^l — \ u^ V- — j dz{l—2\u^)'il)-. 
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In a follow up paper [2], a suitable form of the linear system (17), (18) (and its 
perturbations), with spectral parameter, is used further to derive the local conservation 
laws of the theory by applying the abelianization method of gauge connections [7] . For the 
present model, all this method yields is what we already know and nothing more. Namely, 
the (non-chiral) conservation law of the U{1) current associated with the rotational 
symmetry u we*", u — > ■ue"*'', 

dJ + dJ = 0, (22) 

where 

udu — udu - udu — udu , , 

1 — I M I \ — \ U \ 

as well as an infinite set of chiral conservation laws that generate the Woo algebra. Given 
the particular form of the associated linear problem (17), (18), it is no surprise that the 
Woo generators are bilinear in Explicitly we have in a quasi-primary basis [8, 9] 

M,,., . I (ZIT! {s^ - 1) - 1 (24) 

s = 2, 3, 4, . . . , up to an overall normalization constant. 

The variations of u and u that generate the Ws{z) currents of the theory (15) have 
been constructed in [9]. The first few are given by 

= edu, (25) 
5f = 2e (d\ + 2^^q^) + e'du, (26) 
= 5e ( d^u + ^i9uf9u + Mu ^ 3 u^du{duf \ ( ^ ^^.^^^ 

(i-ImI); v 1-1^1/ 

(27) 

etc, while for u we replace u u and pick up an overall (—1)* sign in the corresponding 
variation. The commutation relations of the J^*-* variations satisfy the centerless Woo 
algebra. Explicitly we have 

[«^€]=C-.4, (28) 

[^S^€^] = 4:.-.4' (29) 

etc|. Here we have rescaled Ws{z) with 2'-^s\/{2s - 3)!!. The SU{2)/U{1) coset model 
is formulated in Minkowski space and the W^o generators (24) are not real for odd spin 
s. From now on, to achieve reality for all s, we will also rescale Ws{z) with i'^"^. 

■I- This also corrects a typographical mistake in [9]. 
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The embedding problem of the surface S in 3-dim Euchdean space, with K^^^ = K. 
has an infinite number of conservation laws associated with it. In particular, using 
eqs.(10)-(12) and the defining equations (19), (20) for the parafermions, we may rewrire 
the SU{2)/U{1) conservation laws in terms of the geometrical data {g,K). The U{1) 
current yields the non-chiral conservation law 



Taking into account the rescaling introduced earlier and introducing the notation 

K± = 2 {Kaa ± K^t) , g- = Qaa " Qtt (33) 

to simplify the expressions in what follows, we have for the W^x, generators 

t \ 3- r^3 g-{dg-f + 2detg d'^g- 

W,{z) = ^j^Kl + 4{dK^)'-^d'{Kl) + ^^^{3g4dg.f + 8detgd'^ 

- ^ idg.) 8iKl) - '^±^ iOg.r + ^(^V)^ - 2(a,-)(a3,_) 

detg ^ ^ ' ^ +' 80 (^detgf ^ ^ ' 5 detg ^ ' 

etc. With these normahzations we have in general 

Ws{z) = 2^(-2) (^T^f^)' + + • • • ' ^37) 

but the subleading terms look even more complicated for higher values of s. They are, 
nevertheless, computable. To introduce the dependence of these infinitely many currents 
on the original string variables {Xj}, we simply have to use the defining relations (3), 
(5), (6) for the metric and extrinsic curvature tensors. 

We have arrived at the result that the Woo symmetry of the SU{2)/U{1) coset model 
carries over to string theory and it is represented on the geometrical data {g, K) that 
describes the embedding of S in terms of string variables. On-shell, i.e. when S is 
actually embedded in the 3-dim slice Xq = r (or any other Lorentz equivalent frame in 
(cr, r)), we obtain the chiral conservation laws 

dWs{z) = 0. (38) 

Embedding problems in geometry are always described by the Gauss-Codazzi zero cur- 
vature conditions and therefore we expect that there will be conservation laws for the 
geometrical quantities involved. However, it is quite difficult to find them and even more 
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so to write them down explicitly, in general. In the present case it is the Wqo algebra and 
its parafermionic realization (24) that provide the algorithm for constructing the (higher) 
integrals of the embedding. Of course, we have two copies of Woo, one for the left movers 
and one for the right movers. The generators Ws{z) of the other sector are obtained by 
replacing 9 — > 9, in which case K^j^ + Kerr K^ra — K^t. For them we have similarly 
dWs{z) = 0. 

We may also consider the infinitesimal variations of the {g, K) data induced by the 
Woo variations of u and u. On-shell, they describe implicitly (via the Gauss- Weingarten 
equations) the action of l^oo on the space of classical string configurations. Using the 
classical equations of motion (13), (14), we obtain the following result for the first few 
variations: 



For s = 2, 



for s = 3, 



^f^Qa. = -^f^Qrr = \t Og., (39) 
Sf-^K^ = 9 (e K^) , 5f X_ = -e ^ (40) 

Sf^Qaa = -Sf^Qrr = -4e d (^^g - 2e'./d^g K+, (41) 



S(^)K+ = -J=(3e'g_Kl + 3eg.d{Kl) + e^-^4r^^^ idg_) K[ 



y/detg V ^ V 2 detg 



'3- x2 , o 9- /r. N/o2 N , (g-f + detg 3 

+ ' d^g ^''-^ ^''d^g + ' 2 idetgf ^^^"^ 

+ e"dg_ + 3e'd'^g_ + 2e d^gJ) , (42) 

5f = ( 4e (g.Ki + ^-4^ + d'g-] + 2e'dg.] (43) 

8{Vd^) V V 4 detg ' J ' J ^ ' 

and so on. Despite their complicated nature, these are hidden symmetries of string 
propagation in the orthonormal gauge after imposing the constraints (2). As for the W^o 
sector of the symmetry, similar expressions are obtained by computing the 6^^^ variations. 
Alternatively, one may consider the bosonic string action and compute directly the Woo 
variations of {Xi} associated with the conserved currents (37). This might lead to a 
better geometrical understanding of the infinitely many symmetries that govern string 
propagation. 

It is fair to say that the idea to associate intcgrablc systems of non-linear differen- 
tial equations to embedding problems has been considered before in various occassions, 
but in a different context. For example, it is well known that the sine-Gordon equa- 
tion arises as a constant curvature condition of 2-dim Riemannian surfaces, in a special 
coordinate frame (see for instance [1, 10]). Also, the embedding of 2-dim surfaces into 
spaces equipped with a Lie algebra structure is associated to Toda theories [11]. More 
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recently, the extrinsic geometry of 2-dim surfaces chirally embedded in CP" has been 
used extensively to formulate various geometrical aspects of classical W„-symmetries 
([12] and references therein). In the present context, however, the embedding we are 
considering is prescribed by a different physical problem, namely the classical evolution 
of a bosonic string. Hence, the corresponding integrable system, which is the SU (2)/t/(l) 
coset model, is of a different type than the ones considered before. 

It would be interesting to find out whether more general cosct models of (rational) 
conformal field theory (or their integrable perturbations) could be associated with string 
propagation in arbitrary backgrounds, via a Lund-Regge type formalism. A good starting 
point for further generalization is to consider string backgrounds with a time-like Killing 
symmetry. This way the interplay between strings, geometry and VFoQ-type algebras 
might be proven useful for looking at the problem of hidden symmetries, in general. 

There have also been a few remarkable attempts in the past to obtain an infinite set 
of conservation laws for string dynamics. Some of them [13] have been influenced by the 
integrability aspects of non-linear cx-models. Another group theoretical approach has 
been proposed by Pohlmeyer [14] (see also [15]), where the loop equation of the Nambu- 
Goto string has been interpreted as a collection of representation conditions for an infinite 
dimensional algebra of reparametrization invariant charges. Also, Witten has made some 
interesting general remarks on the subject [16]. It would be useful to study the relation 
of our results with theirs, since the geometric and algebraic methods employed in each 
case are quite different. This way we hope to sharpen our understanding of the problem. 

We turn now to the question of finding solutions to the classical equations of motion 
(13), (14), since to any given solution there corresponds a surface S (and hence E) actually 
built by solving the Gauss-Weingarten system for its normal and tangent vectors. This 
is a general question in the theory of gauged WZW models, since the action (15) arises 
classically for SU(2) after performing the nccccssary gauge field integrations. Although 
there is already some work on the explicit form of the classical solutions of coset models 
[17], we will develop a different approach emphasizing the role of Liouville theory in 
string propagation. We also think that uncovering the Liouville-like structure of the 
simplest 2-dim coset model SU{2)/U{1) might give some new ideas about the more 
general situation. 

An obvious set of solutions is given by 

du^O^ du, (44) 

in analogy with the instanton solutions of the ordinary 0(3) non-linear o"-model. In the 
present model, however, this class is not previledged because the volume of the target 
space is infinite and so is the action. To examine the solution space of the SU{2)/U{1) 
coset model, in general, we introduce a transformation that maps its classical equations 
of motion to two decoupled Liouville equations. "Half of this transformation has been 
considered before [18] in the study of 2-dim black-holes and Liouville theory in the first 
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order formalism |. It also has a useful interpretation when applied to the ordinary 0(3) 
non-linear a-model. 

To be more precise we define two real fields ipi and (^2 as 

_ duBu _ duBu 

(1 - I u I ) (1 - I u I ) 

Then, it is straightforward to verify that eqs.(13), (14) become 

dd^i = 2 e"^! , dd^2 = 2 e'^^ (46) 

If we had applied the same transformation to the equations of motion of the ordinary 
cr-model with target space metric h{u,u) = (1 — | m |^) , instead of (1 — | -u |^) , we 
would have obtained the SL{2) affine Toda system 

dd^i = 2 e'^^ - 2 e'^^ , dd^2 = -2 e'^^ + 2 e'^^ (47) 

The latter result underlies the well known relation between the 0(3) non-linear cx-model 
and the sm/i-Gordon equation [19]. We also note for completeness that the transforma- 
tion we are using here yields a closed system of differential equations for ipi and ip2 in 
the class of target space metrics h{u, u) = (1 — \ u f) , only for a = 1, 2. 

The map between the solution space of the SU{2)/U{1) coset model and that of 
two decoupled Liouville theories should be understood further, in view of the relevance 
they both have in string propagation. It is clear that there is a GL{2) redundance in 
associating ipi, ip2 to u, u due to the invariance of the transformation (45) under 

au + b _ du + c , , / ^ /.o\ 

u , u — > — , ad — be ^ 0, (48) 

cu + d bu + a 

in exact analogy with Liouville theory. To preserve the condition \ u \ < 1, introduced 
by solving the first constraint (2), we have to restrict the group to GL'^{2) with non- 
negative a, b, c, d and ad — be > 0. We also have a rotational invariance in eq.(45) 
under the global transformations u ue'^'^, u — ue~^'^. Modulo this redundance, the 
invertibility of the Liouville-like transformation (45) should be investigated in favor of 
expressing the general solution of the SU{2)/U{1) coset model in terms of two Liouville 
fields. For the latter, the general solution is known to be 

dFidFi „ dF2dF2 , , 

(1-FiA)' ' (I-F2F2)" 

where dFi = and dFi = 0, but otherwise arbitrary. We note that for the "instanton"- 
like solutions (44) all this is rather trivial, since only (pi needs to be considered with 
Fi = u and Fi = u. In the general case, however, the fact that (pi and (p2 still satisfy the 
Liouville equations (46) is quite remarkable. The description of classical string dynamics 
directly in terms of Liouville fields remains an open problem. 

§1 thank E. Verlinde for some discussions on this point. 
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A related issue in this context is to understand the description of the Woo symmetry 
in terms of two Liouvillc fields. The only local currents we know for them, which are 
functionally independent and chirally conserved, are their corresponding stress-energy 
tensors. The stress-energy tensor V'+V'- = dudu/{l — | m |^) of the SU{2)/U{1) coset 
model can be easily described in Liouville terms, but for the higher spin generators of 
Woo non-local conservation laws of the system (45) have to be taken into account. Their 
systematic construction is beyond the scope of the present work. 

These questions as well as the possibility to associate 2-dim integrable systems of 
non-linear differential equations to string propagation in more general backgrounds are 
all under investigation. As a byproduct, we hope to gain a better understanding of the 
hidden symmetries in string theory. Their relevance in quantum theory might be easier 
to examine within the framework of covariant quantization on the space of classical string 
solutions [20]. The issue of boundary conditions should also be properly addressed in the 
future. Finally, the effect of adding extrinsic curvature terms to the Nambu-Goto action 
d la Polyakov [21] needs to be clarified within the present framework. 
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